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ABSTRACT

Background: Educational reforms in mathematics imply a series of changes
in teacher training. Some of these modifications accentuate the inclusion of new content,
the development of mathematical abilities, skills, or competencies, and the
implementation of different teaching and assessment strategies, and the use of
technology. Primary and secondary education teachers must be able to respond
adequately to these curricular standards. In Costa Rica, mathematics education has
undergone changes to promote various cognitive processes in students, such as those of
number representation. Objectives: The article highlights the diversity of
representation systems assigned to the concept of number, proposed by a group of Costa
Rican preservice Primary Education teachers, as a promoting agent for the development
of processes of representation in students. Design: Theoretically, the research is
structured around proposals for the analysis of the meanings of mathematical concepts
as associated to teacher training. It is a descriptive study based on an intrinsic case study.
Data collection and analysis: The information was collected through a questionnaire.
Information analysis highlights the existence of different forms of representation and
the justification arguments that the participants apply for their selection; content
analysis was used as the analytical technique. Setting and participants: The study was
carried out with 23 preservice Primary Education teachers. Results: The results reveal
a trend in the use of representation systems of the same form to present the concept of
number, particularly iconic and symbolic-numeric representations. Conclusions: A
connection is observed between the proposed representations and situations and
contexts that seem to be familiar to Primary Education students; this relation deserves
further exploration.
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Analisis de las representaciones del concepto de niimero que propone un grupo
de docentes de educacion primaria en formacion inicial en Costa Rica

RESUMEN

Contexto: Las reformas educativas en matematica implican una serie de
cambios en la formaciéon docente. Algunas de estas modificaciones acentian la
inclusion de nuevos contenidos, el desarrollo de capacidades, habilidades o
competencias matematicas, la implementacion de estrategias de ensefianza y
evaluativas distintas, y el uso de la tecnologia. En Costa Rica, la educacion matematica
ha experimentado cambios para fomentar en el estudiantado diversos procesos
cognitivos, como el proceso de representar. Objetivos: En este articulo se destaca la
diversidad de sistemas de representacion asignados al concepto de numero que propone
un grupo de docentes de educacion primaria en formacion inicial en Costa Rica, como
agentes promotores del proceso de representar en el estudiantado. Disefio: La
investigacion se enmarca en las propuestas sobre el analisis de los significados de
conceptos matematicos y la formacion de docentes. Corresponde a un estudio
descriptivo basado en un estudio intrinseco de casos. Recoleccion y analisis de la
informacion: La informacion se recolectd mediante un cuestionario y su analisis
destaca los tipos de representaciones y las justificaciones que este grupo de personas
docentes en formacion manifiestan para su seleccion.; se utilizo el analisis de contenido
como técnica de analisis. Entorno y participantes: El estudio se llevo a cabo con 23
docentes de educacion primaria en formacion inicial. Resultados: Los resultados
muestran una tendencia al uso de representaciones de un mismo tipo, para mostrar el
concepto de numero, sobresaliendo las representaciones icénicas y simbolico-
numéricas. Conclusiones: Se destaca una vinculacion entre las representaciones
propuestas y las situaciones y contextos cercanos al estudiantado de educacion primaria,
en la que valdria la pena profundizar.

Palabras clave: educacion primaria; formacion inicial de maestros; niimero;
sistemas de representacion.

Analise das representagoes do conceito de nimero proposto por um grupo de
docentes de educacao basica em formacao inicial na Costa Rica

RESUMO

Contexto: As reformas educativas em matematica implicam uma série de
mudangas na formagdo do docente. Algumas destas modifica¢des acentuam a inclusdo
de novos contetdos, o desenvolvimento de capacidades, habilidades ou competéncias
matematicas, a implementagdo de estratégias de ensino e avaliagdo distintas e o uso da
tecnologia. Na Costa Rica, a educagdo matematica tem experimentado mudangas para
impulsar nos estudantes diversos processos cognitivos, como o processo de representar.
Objetivos: Neste artigo destaca-se a diversidade de sistemas de representagdo
atribuidos ao conceito de numeros que propde um grupo de docentes de educagdo
basica em formacao inicial na Costa Rica, como agentes propulsores do processo de
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representar no corpo discente. Desenho: A pesquisa enquadra-se nas propostas sobre a
analise dos significados de conceitos matematicos e a formagao docente. Corresponde
a um estudo descritivo baseado em um estudo intrinseco de casos. Coleta e analise de
dados: A informagdo foi coletada mediante um questionario e, em sua analise,
destacam-se os tipos de representacdes ¢ as justificativas que este grupo de docentes
em formagdo manifestam para a sua selegdo; foi utilizada a analise de conteudos como
técnica de analise. Cenario e participantes: O estudo foi realizado com 23 docentes
de educagdo basica em formagdo inicial. Resultados: Os resultados mostram uma
tendéncia ao uso de representacdes de um mesmo tipo, para mostrar o conceito de
numero, sobressaindo as representagdes iconicas e simbolico-numéricas. Conclusoes.:
Destaca-se uma vinculagdo entre as representagdes propostas e as situagdes e contexto
proximos ao discente de educagdo basica, na qual valeria a pena aprofundar-se.

Palavras-chave: Educagio basica; formagao inicial de professores; nimero;
sistemas de representagdo

INTRODUCION

The study of the meanings of mathematical concepts has managed to
pervade the interest of researchers in Didactics of Mathematics. The
understanding of a mathematical concept implies that it is endowed with one or
more meanings. Different proposals support the process of providing meaning
to a mathematical concept from three facets: the sign, the concept, and the
meaning (Frege, 1996). These ideas highlight the ways in which the concept is
represented, its semantic evaluation, and the different senses in which it can be
comprehended, applied or understood (Fernandez-Plaza, et al., 2016).

In particular, Rico and Fernandez-Cano (2013) highlight the study of
meanings through content analysis, a technique to “establish and study the
diversity of school meanings of the concepts and procedures of mathematics
that appear in a text” (p. 11). Content analysis finds its foundation in Frege’s
semantic triangle, particularizing the study of the meanings of concepts in
school mathematics.

This article focuses on the sign, one of Frege’s semantic triangle
components, through the study of representation systems. Specifically, the
representations of the concept of number proposed by pre-service Primary
Education teachers in Costa Rica are analyzed as part of the meaning they give
to this mathematical concept.

The concept of number gains prominence in Primary Education,
particularly in the early years, where it is essential that children systematically
develop this concept, acquire the ability to communicate numerical
information, orally and in writing, and develop skills for its recognition, writing
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and reading, and later, for its application in different numerical contexts
(Castro, Rico, and Castro, 2007). Moreover, representations constitute a
transcendental component in the visualization of a concept in the early school
stages (Arcavi, 2003).

Interest for the present study originated during the development of a
subject for the Primary Education undergraduate program imparted at the
Universidad Estatal de Costa Rica (UNED). During this experience,
students—preservice teachers—manifested conceptions “that attracted the
attention” regarding the mode of comprehension and understanding of school
mathematical concepts, particularly number. The objective of the present study
was to exhibit the diversity of representation systems and the justifications for
their use provided by the consulted pre-service teachers as regards to the
concept of number, in order to analyze from this perspective, the meanings
granted to this concept within school mathematics in Costa Rica.

The results of the study reveal a trend towards the use of iconic and
symbolic-numeric representations as means to present the concept of number,
its connection with contextualized tasks and the use of the concept in diverse
situations and contexts, relevant to the Primary Education student.

THEORETICAL FRAMEWORK

The theoretical foundation of the present study is devised from two
focuses. The first pertains to the curricular program established for Primary
Education and teacher training in Costa Rica. Within this framework, the
conception of number in the Costa Rican Primary Education curriculum is
emphasized and the curricular guidelines for the training of teachers are
described, accentuating those guidelines associated to mathematical training
and the teaching of number. The second point in focus refers to the theoretical
foundations on representation systems in the study of meanings of Primary
Education mathematical concepts.

Number in the Costa Rican mathematics curriculum

Public education in Costa Rica is comprised of four educational cycles:
Preschool, Primary Education, Secondary Education, and Higher Education
(University). Particularly, Primary Education covers cycles | and Il (6 years
total); Secondary Education includes cycle 111 (3 years total), with this the Basic
General Education [BGE or EGB after its equivalent Spanish acronym] level is
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completed, and cycle 1V, called Diversified Education, accounts for the last two
years. The study of mathematics is organized around five core mathematical
subject areas: numbers, measurements, geometry, relationships and algebra,
and statistics and probability (Ministerio de Educacion Publica, 2012).
Regarding the subject area of numbers, it “occupies a very space in the first two
cycles, is relevant in the third and decreases in the diversified [cycle]”
(Ministerio de Educacién Publica, 2012, p. 50).

From a broader perspective, the curricular program seeks an integrated
approach between numbers, operations, and mathematical calculations,
underscoring the connection between operations and numeric representations.
The latter accentuates the need to study the representations that Primary
Education teachers, preservice or in practice, propose to use to present the
concept of number to their students. In relation to this topic, a description of the
curricular programs for the teaching of number is presented, emphasizing the
use of representations for its accomplishment.

Study programs place special attention to the number in cycles | and Il
at the EGB level of Primary Education. It is proposed to “strengthen the
numerical sense” (Ministerio de Educacion Publica, 2012, p. 51) through
arithmetic operations, the study of numerical properties, mental calculations,
and estimations that, at the same time, promote the development of numerical
skills. All the above from a functional approach based on problem solving to
promote the development of “processes” such as reasoning and argumentation,
posing and solving problems, communication, association and representation.
In this sense, it is understood that the representation of mathematical concepts
or mathematical objects takes prominence when their importance is recognized
in the development of the other four mathematical processes.

Regarding number, it is proposed for cycle | the teaching of natural
numbers and the operations of addition, subtraction, multiplication, and
division; pursuing a connection between the intuitive concept of number and
numerical sense.

From the outset, the intuitive concept of number must be
connected to numerical sense (the absolute and relative
position of numbers), where it becomes relevant to enhance
mental calculation and estimation as they activate cognitive
processes that advance towards mathematical competence.
(Ministerio de Educacion Puablica, 2012, p. 77)
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The study of number in this first cycle includes, among other intended
skills, the identification of examples of diverse representations of a number.
These—the numbers—have been introduced to the students by counting and
cardinality of sets of objects. Also, it aims to establish correspondences
between different forms of representation of natural numbers. For example, in
the first year it is proposed to “work on the correspondence between graphic,
verbal, and literal representation in expressions such as: 24 =20 + 4 (...) to
provide continuity to the use of various forms of representation” (Ministerio de
Educacion Pablica, 2012, p. 87).

Throughout the second and third years, the representation of numbers
is projected via the use of concepts and mathematical relationships addressed
through the use of didactic material (manipulatives) and iconic, symbolic and
graphical representations; for example, the location of a number on the number
line corresponds to the latter representation form.

Cycle 11 is directed at strengthening mathematical calculations
(arithmetic), by exposing students to operations with natural numbers,
fractions, and decimals. In the fourth year, for example, the reading and writing
of natural numbers and decimals is presented, and the study of fractions through
the use of different forms of representation. Also, the use of different
representations is encouraged when dealing with operations. Throughout the
fifth school year, the use of representations is accentuated in the exposition of
fractions and decimal numbers. In the final sixth year of Primary Education,
representations are heavily employed when presenting students with the
subjects of powers, fractions, and operations dealing with fractions.

In summary, the curricular programs for the teaching and learning of
Primary Education mathematics in Costa Rica highlight and bolster the use of
diverse representations for the concept of number. As indicated for the first
school year, “it is intended to comprehend the meaning of the numbers in order
to establish different representations. It is important that the student be able to
express a number in different ways (...). Previously, student action must be
oriented at verbally expressing equivalences” (Ministerio de Educacion
Publica, 2012, p. 101).

In this order of ideas, the mathematical knowledge of Primary
Education teachers requires a diversity of forms of representation that promote
the assignment of meaning, by students, to the concept of number throughout
all educational cycles. Representation systems are essential in the teaching of
mathematics in Primary Education.
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Pre-service teacher training and mathematics education

The Primary Education teacher must show a vast understanding of the
concepts and procedures that describe and characterize the subjects included in
the educational curriculum. Likewise, teachers must possess different
pedagogical competences for the performance of their profession.

Hence, pre-service training processes for Primary Education teachers
must constitute a source of knowledge, capacities and abilities that promote the
formation of a competent professional, in letters and science, prepared from
educational practice and keen to permanent training and establishing a
classroom teacher-researcher mindset (Llinares, 2008). Its importance is
evident in different investigations on initial (preservice) training and
knowledge of Primary Education teachers (Alpizar and Arce, 2019; Valverde,
2014).

In the case of mathematics, it is essential that teachers have a solid
knowledge of the mathematical and pedagogical content, so that they can
intertwine mathematics with different teaching strategies and resources, which
promote student learning beyond the teachers’ own beliefs and conceptions.
Following Arteaga and Macias (2016):

The task of a teacher or professor is too important for the
educational action developed in the classroom to be based
exclusively on the instructor’s personal perception of both the
teaching-learning process and the area of knowledge to be
taught. (p. 20)

In Costa Rica, pre-service training of Primary Education teachers is
carried out by three state universities and eight private universities. Alpizar-
Vargas and Alfaro-Arce (2019) have described Primary Education teacher
training plans. Briefly, their study has recognized state universities programs to
include subjects on: (a) pedagogy, general didactics, psychology and education;
composition of the educational system, administration, educational
management, legislation and ethics; evaluation and didactic planning;
educational modalities: rural education, single-teacher schools, education for
youth and adults; child development, neuroscience, special educational needs,
educational innovation, and teaching methodologies; (b) basic subjects such as
Spanish, social studies, sciences, including specific didactic courses for
imparting these subjects; (c) mathematics, its specific didactics and statistics;
(d) teaching practice; (e) educational research; (f) the use of technological tools;
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and (g) other subjects encompassed in the study of other languages, general
studies, electives, sports, arts, culture and environment, among others.

In relation to the previous idea, mathematical training includes the
study of a diversity of mathematical concepts and procedures, in accordance
with curricular guidelines corresponding to this educational level. Following is
provided a summary of the mathematical contents included in the mathematics
courses provided in Costa Rican state universities.

At the Universidad de Costa Rica (UCR) Primary Education teacher
training, up to the baccalaureate level, includes three subjects associated with
mathematics and its teaching.

o Mathematics in Primary Education I. The organization of the
contents of this course includes the study of natural number and
representation systems. Next, it elaborates into the additive and
multiplicative structure of natural numbers; rational numbers
and the meaning of fractions; and relations and algebra, from
the study of ratios, proportionality, equality, constant quantities,
and variable quantities. In the course’s syllabus, the study of
number representations stands out as the first topic to be
developed (Universidad de Costa Rica, 2020a).

o Mathematics in Primary Education II. In this course the study
of the basic concepts of plane geometry and space are
emphasized; followed by the subjects of magnitudes and
measurements. Finally, translations, rotations and symmetries
are addressed as plane transformations (Universidad de Costa
Rica, 2020b).

o Mathematics in Primary Education Ill. 1t is oriented to the
study of the concepts and basic notions of descriptive statistics,
information representation, probability and the materials and
resources for its teaching (Universidad de Costa Rica, 2020c).

Complementarily, a seminar course is included dealing with research
in Didactics of Mathematics at the school level centered around the organizers
of the curriculum and its specificity within Costa Rican Primary Education
mathematics (Universidad de Costa Rica, 2020d).

The training of Primary Education teachers at the Universidad Nacional
(UNA) at the undergraduate baccalaureate level consists of various general
subjects; two of which fall within the scope of Didactic of Mathematics. It

177 Acta Sci. (Canoas), 23(1), 170-198, Jan./Feb. 2021 [Type here]



should be noted that the mathematical content in both subjects is not perceived
as a “strong” component (Universidad Nacional, 2015).

o Didactics of Mathematics for Basic Education. This subject
includes topics related to mathematics from a didactic
perspective; that is, it takes into account teaching, learning,
methodological strategies and planning of the mathematics
class, among other areas.

o Didactics of Sciences and Mathematics for Basic Education. It
includes the study of the subjects included in the curricular
program for the teaching of science and mathematics.

The training program at the Universidad Estatal a Distancia (UNED)
offers three subjects directly related to mathematics and its didactics, at the
baccalaureate level.

o  Mathematics I for cycles I and I1. It aims to prepare the Primary
Education teacher in mathematical and didactic content. As to
mathematical content, it points to the study of numbering
systems, the set of natural numbers, number theory and the set
of positive rational numbers. The introduction to the concept of
number is recognized within the scope of the course’s
objectives: “Describe the characteristics that differentiate the
concepts numeric system and numbering system, as well as
number and numeral” (Universidad Estatal a Distancia, 2020a,

p. 3).

o Mathematics Il for cycles I and II. This course addresses the
study of proportionality, magnitude and measurement,
probability, and the basic elements of statistics. The didactic
approach focuses on strategies for the teaching of considered
mathematical and statistical concepts (Universidad Estatal a
Distancia, 2020b).

o  Mathematics Il for cycles I and I1I. This course focuses on the
study of geometry, specifying the basic concepts and their
relationships, triangles, quadrilaterals, circumference, solids,
and geometric transformations (Universidad Estatal a
Distancia, 2020c).

By way of summary, it can be indicated that the mathematical training
of Primary Education teachers in Costa Rica is characterized from two scopes.
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First, some training programs include the study of basic mathematical concepts
associated with arithmetic, measurement, geometry, probability, and statistics.
With specificity, these programs, in the subject of arithmetic, address the
concept of number, seeking its understanding, the establishment of different
modes of use and its diverse representation as a mathematical object. This
mathematical approach is accompanied by the study of pedagogical mediation
strategies for the teaching of concepts and procedures. Second, study programs
pursue to foment teachers’ capacities to establish planning, mediation, and
evaluation strategies, to incentivize Primary Education students’
comprehension and learning of mathematical concepts and procedures, where
the approach to mathematical concepts and procedures is a component for the
achievement of the main didactic purpose.

Representation of concepts in school mathematics

In a general framework, representations are conceived as ideas or
images that replace reality or some element of it; “one thing that represents
another” (Real Academia Espafiola, 2020). Moreover, within the framework of
the Didactics of Mathematics, the proposal is different and varied.

In relation to this topic, Castro and Castro (1997) describe
representations as “symbolic or graphic notations, specific to each notion,
through which mathematical concepts and procedures are expressed, as well as
their most relevant characteristics and properties” (p. 96). From this position,
representations are not general to the concepts, they are defined and respond to
the singularities of each concept.

Moreover, other researchers agree that it is essential to possess or
provide a variety of representations for a better understanding and
comprehension of mathematical concepts. Following Rico (2013),
representations allow greater interaction and access to mathematical
knowledge. @ Vinner = and  Hershkowitz =~ (1983)—particularly  in
geometry—emphasize the use of examples in different orientations, when
concepts are presented.

From the perspective of Rico, Marin, Lupiafiez and Gémez (2008), a
broad knowledge of representation systems, of the relationships between them,
between representation systems and the concept, leads to a complete
comprehension of the mathematical concept and its meaning. Thus, Barrantes,
Lopez and Fernandez (2015) sustain that “a scarce variety of representations
can lead to an erroneous formation of a concept (...) and, therefore, lead to later
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errors and difficulties.” (p. 109). A “restricted” use of representations can lead
to the creation of mental schemes far from the reality of the concept (Barrantes
and Zapata, 2008). Multiplicity of representations is insufficient to present a
concept, it is necessary to take into account the origin of the representation and
its incidence on the knowledge of individuals.

Duval (2016), for his part, emphasizes that representations are common
tools that enable the communication of specific mental representations that also
allow the production of new knowledge. “Representations can be beliefs,
individual conceptions or misconceptions, that the individual accesses through
verbal or schematic productions.” (p. 61)

The curricular programs for school mathematics established by the
Ministry of Public Education (MEP by its Spanish acronym) in Costa Rica do
not deviate from the above ideas regarding the representations of mathematical
concepts. Indeed, this governing body is committed to the use of a diversity of
representation systems throughout the teaching of mathematics. Particularly it
is insisted that “the cultivation of diverse representations allows a better
organization of mathematical ideas to advance in their comprehension and the
development of new mathematical forms” (Ministerio de Educacion Publica,
2012, p. 58). The teacher is urged to use unconventional and personal
representations in the early years of schooling, and to gradually shift the
discourse to more conventional and technical forms as students progress to
higher levels.

It is observed that mathematical representations are symbols,
expressions, diagrams, or graphs, of dynamic nature, and therefore require a
variety of teaching and learning actions. Representations are conceived as a
means to unify discourse, communication.

It is very important that, in a stepwise manner, progress be
made in the abstraction of mathematical representations to
enhance the set of [knowledge in] mathematics that can be
learned and used. By progressing into different forms of
representation, of increasing [level of] abstraction, more
opportunities are offered for the construction of more
interesting and complex models for different situations.
(Ministerio de Educacion Publica, 2012, p. 58)

METHODOLOGY
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The present study is of descriptive nature based on a case study.
Following Stake (1999) it corresponds to an intrinsic study of cases, since “Its
study [...] does not appeal because we learn about other cases or about some
general problem, but because we need to learn about that particular case” (p.
16); that is, the present case under consideration was preselected and its
selection deviates from an intentional selection over other cases, as occurs for
instrumental case studies.

Methodologically, content analysis is implemented (Rico and
Fernandez-Cano, 2013), which enables the study of the meanings of a concept
from three categories: representation systems, conceptual structure, and
contexts and situations. In this case, the study of representation systems stands
out, starting from the category of representations. Other investigations, for
example, have implemented this technique for the study of concepts and their
meanings, from the perspective of the modes of use that pre-service teachers
grant to particular mathematical concepts (Chaverri-Hernandez, Hernandez-
Arce, Castillo-Céspedes, Vallejos-Meléndez and Picado-Alfaro, 2020).

Description of participants

Participants corresponded to a group of 23 students enrolled in the
course “The teaching of mathematics and its processes” of the Primary
Education undergraduate program imparted at the Universidad de Costa Rica,
during the academic period 2018. This subject is assigned to the VII cycle of
the study plan, corresponding to the fourth year of the undergraduate program.
As indicated in the theoretical framework section, their training already
included mathematical instruction, through subjects such as Mathematics in
Primary Education I and Mathematics in Primary Education II. Pedagogical
training is reinforced by subjects such as Primary Education Sciences I and
Primary Education Sciences II. Other subjects taken by participants are
associated to different areas of knowledge, such as language, literature, arts,
and research.

Information collection

! Participants expressed their consent of use and dissemination of all collected
information in the present study.
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Information was collected through a questionnaire. Each participant
was identified by means of a unique guestionnaire code; for example, code C-
RO1 was assigned to participant N°1’°s questionnaire and responses. By way of
this instrument, pre-service Primary Education teachers were asked to provide
various forms of representations for the concept of number. First, only two
forms were requested. Second, participants were instructed to select one of the
two previously provided representations which they felt presented more
securely the concept of number, and to justify their selection. Finally, they were
asked to include other forms of representation, but different from those already
provided in item N°1. This instrument was applied in one of the class sessions
and was completed individually.

Information analysis

For analysis of the information, representations were considered as a
primary category. The units of analysis were defined based on Duval’s (1993)
proposal for the study of registered representations. Below is a description of
the considered representation forms (Arteaga-Martinez, Macias and Pizarro,
2020; Picado, Gémez and Rico, 2013).

e Verbal. Corresponds to the use of natural language.

e Symbolic-numeric. Predominant use of numbering systems,
particularly the decimal numbering system.

e Symbolic-algebraic. Refers to analytical or algebraic
expressions.

e Graphic. Includes the Cartesian plane and its components.

e Iconic. Emphasizes the use of images or pictograms,
including geometric figures.

e Tabular. Organization of information through rows and
columns.

Upon being gathered the participant’s responses were analyzed
individually. The representations provided in each item of the questionnaire
were identified, described, and classified.

ANALYSIS AND RESULTS
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The following treatment provides the results obtained from the analysis
of the gathered information; it evidences the representations assigned by a
group of teachers to the concept of humber at a particular moment in their pre-
service training. For the purpose of analysis, the first and second
representations provided by the participants for item N°1 are defined as
representation A and representation B, respectively.

In this section the information has been organized into three levels of
analysis: (a) identification of primary representations; (b) justification
expressed by participants relative to the preferential selection of one of the two
proposed primary representations; and (c) diversity of the proposed
representations. Some data has been tabulated for ease of presentation.

Identification

The denominated primary representations, hereafter further separated
into A and B, correspond to the first two representations provided by the
participants to present the concept of number in response to item N°1 of the
applied questionnaire. Representation A and representation B refer to the first
and second order of mention by participants, respectively. It can be said that
primary representations show the initial attempt—the first occurrence—of
preservice teachers to represent number. The quantitative accounting of
compiled primary representations in relation to the different forms of
representation considered in the present study is summarized in Table 1.

Table 1

Primary representations A (1rst) and B (2nd) provided by preservice
Elementary Education teachers in training at the University of Costa Rica in
2018.

Verbal Symbolic- Symbolic- Iconic Graphic Combination
numeric  algebraic

Representation A

4 8 1 7 2 1

Representation B

2 8 3 7 0 3
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As seen in Table 1, the responses to item N°1 amount to 6 verbal
representations, 16 symbolic-numeric representations (use of numeral signs), 4
symbolic-algebraic representations (use of letters or signs), 14 iconic
representations and 2 graphic representations (based on the use of the number
line). The predominance of symbolic-numeric and iconic representations in
both the first (A) and second (B) provided representations is clear. Figure 1
exemplifies the use of verbal representations; it presents an explanation of what
participant C-R22 conceives as number.

Figure 1

Example of verbal representation of the concept of number (C-R22's answer
to item N°I, 2018)?

A Es un simbolo E’épﬁ(‘,\ﬁ-—
o, defer minodo A TepICy
sentar una cifto oy U
cantidad .

Figure 2 is a graphical representation in which participant C-R09
attempts to depict number as a position on the number line.

Figure 2

Example of graphic representation of the concept of number (C-R09’s answer
to item N°1, 2018)

2 Translation: It is a specific symbol, determined to represent a
figure or a quantity.
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Such primary representations highlight a tendency—or an
intention—towards the use of numeric symbology and illustrations or
pictograms to present the concept of number.

In addition to the above, the use of combination representations by
participants is recognized. For example, two representations are identified that
combine the use of pictograms (iconic) and symbolic-numeric forms (Figure 3);
one representation combines verbal and symbolic-numeric; and one
representation integrates symbolic-numeric and algebraic representations.

Figure 3

Example of a combined iconic-(symbolic-numeric) representation (C-R22's
answer to item N°I, 2018)

geg @ =7
)

\
=

In the responses to item N°1, the use of the notion of set observed in
three of the provided iconic representations takes particular emphasis. Unlike
the majority of responses, which make independent (uncombined) use of
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illustrations or pictograms, only three participants resorted to set
representations—a grouping of objects—, see Figure 4.

Figure 4

Example of the use of a set representation as part of an iconic representation
(C-R23’s answer to item N°1, 2018)®

L—' el C U"'J\' r\f\‘

Justification

From the responses to item N°2 information was collected regarding
the preference of participants in selecting one of the two primary
representations—obtained from application of item N°l—and the rationale
behind their selection.

Regarding the selection of representation forms, ten participants chose
iconic and six favored symbolic-numeric. Those who proposed combination
representations would favor this option—the combination of representations—.
Further, two participants chose graphic and only one preferred symbolic-
algebraic. The expressions that justify any given selection are diverse, although
some coincide in terms of a common prevailing idea. Table 2 summarizes the
arguments employed as justifications provided by participants or their selection.

3 Translation: The set
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Table 2

Justification criteria for the preferential selection of a given representation by

preservice teachers at the University of Costa Rica in 2018

Selected

representation

Summary of arguments

Iconic

Symbolic-

numeric

Combination

Graphic
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To associate it to a number of objects

To link the abstract with the concrete

To make the concept more visual

To display the cardinality of sets of
objects

For the simplicity of its implementation
To attract the student’s attention

To associate a symbol with a quantity
Due to the universal use of numeric
symbols

Due to the student’s familiarity with this
type of representation

To contribute to literacy

To expose the number sequence

To associate a set of elements to a number
To decrease abstraction

To implement ludic activities

To promote understanding of order
relationships

To induce the notion of infinity

[Type here]



Symbolic- Because of the sense of generality that it

algebraic creates

Concerning the justifications associated with the selection of iconic
representations, the arguments associated with the use of the concrete, visible
and tangible, instead of the abstract, stand out, as well as those that are based
on the contextualization of the concept of number. Some examples of these
expressions are the following: participant C-R14 emphasizes that “in the initial
phase it is necessary to relate an abstract concept to something that can be seen,
felt and is easily related to previous knowledge so that when comprehension is
reached a symbol be established”; participant C-R04 points out that “it is more
concrete and it will allow the student to visualize its meaning, [ would later use
A [a symbolic-numeric representation]”. Participant C-R15 argues that “the
images are more concrete to acquire the concept of number”. Another relevant
aspect has to do with the connection established between number and quantity,
in this case a variable quantity of objects or elements of a set. In this regard,
participant C-R11 highlights that “the number is the expression that indicates
cardinality of elements in a set and, therefore, representation with figures,
elements or drawings is easier”.

The selection of symbolic-numeric representations—shown as some
symbol of the Indo-Arabic numeral system—is justified mainly by the common
use these types of symbols and their use in different situations familiar to the
student. For example, participant C-R07 justifies the selection of symbolic-
numeric representation by stating “because it is composed of common and
universal numeric symbols within our context”; in turn, participant C-R05
emphasizes “because | consider this to be the form with which students are
more familiar” and participant C-R23 points out “I consider this to be the best
representation because it will be the one that children use the most throughout
their lives”.

The use of combination representations is justified from two
perspectives: (a) the need to establish a connection between a quantity of
concrete objects and a symbolic representation and (b) the need to achieve a
level of abstraction about number from the presentation of concrete elements.

Finally, the use of the number line to represent the concept of number
acquires support in view of the notion of infinity and of the density that
characterizes the set of real numbers—this is interpreted from the justification
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arguments provided by the participants—, as well as the opportunity it presents
to introduce students to order relationships. The justification provided by
participant C-R09 exemplifies the latter remark: “if it is not comprehended that
the number is an element isolated from others, it will be impossible to
comprehend what continuity is or the existence of greater and lesser quantities
relative to a given number”.

Diversity

Finally, participants indicated other representations that they would use
to present the concept of number. The instructions to item N°3 of the
questionnaire specified that any additional representations must be different
from those already provided in item N°1.

In the results it is observed that one of the participants included four
additional representations for the concept of number; 11 participants added
three representations; five included two representations; four added one
representation and three participants did not include additional representations
besides the compulsory two representations provided in item N°1.

From the analysis of the representations, it is possible to affirm that
these, for the most part, belong to the same form as primary representations.
For example, participant C-R06 who provided one verbal representation and
one combination representation (symbolic-numeric and verbal) in item N°1
added three representations upon request by item N°3, the latter combined two
forms of representation: iconic and symbolic-numeric. Worthy of mention is
the fact that participant C-R07 provided four additional representations, namely:
combination, symbolic-algebraic, graphic, and iconic; three of them differ from
previously provided primary representations (iconic and symbolic-numeric).

For all participants who provided three additional representations, at
least one representation was of the same form as indicated for primary
representations. For example, participant C-R15 provided one iconic and one
symbolic-numeric primary representation, and additional representations were
of symbolic-algebraic, verbal, and symbolic-numeric form.

Of the participants who provided two additional representations, only
one (C-R03) included representations of different form relative to previous
primary representations. All participants who included only one additional
representation did so providing a different representation form. For example,
participant C-R12 provided iconic and verbal representations in item N°1, but
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symbolic-numeric as the additional representation. It should be noted that
participants C-R02, C-R06 and C-R19 responded item N°3 with three
additional representations all of which were of the same form.

CONCLUSIONS

The present study recognized that, at the moment of presenting the
concept of number, the participating Primary Education preservice teachers
inclined towards the use of iconic and symbolic-numeric representations. The
use of a variety of illustrations referencing food, flowers, animals, geometric
objects, school supplies, among others, stand out in iconic representations.
Symbolic-numeric representations mostly use numeric symbols taken from the
Decimal Numbering System and, to a lesser extent, from Roman, Mayan, and
Egyptian numbering systems. Both aforementioned forms of representation are
the most frequently employed in combination representations.

As far as the disclosed justification arguments for the preferential
selection of one of the two primary representations, the following statements
can be established. Some of the arguments are associated to the usefulness of
the concept. This coincides with Castro, Rico, and Castro (2007) who affirm
that numbers are used in various ways, among which stand out the
establishment of a verbal sequence, the action of counting, expressing a
quantity of objects or of a measurement, to mark a position or to indicate a code
or symbol.

On the other hand, other arguments emphasize the use of certain
representations, relating them to teaching strategies that favor the learning of
Primary Education students. As indicated by Arteaga-Martinez, Macias and
Pizarro (2020), representations “are only a small sample of the resources at
one’s disposal for the construction and teaching of mathematical knowledge”
(p. 269). For example, the iconic representations provided by individuals
participating in this study are associated with the use of didactic materials
(concrete, tangible) with the purpose of promoting visualization and facilitating
the comprehension process of the concept of number.

Also, the results allow to conclude that a group of participants pretend
that the use of certain representations—mainly the iconic form—will enable the
development of the concept of number in students, for example, through the
contextualization of mathematical exercises. In relation to this idea, two aspects
are revealed: (1) with the proposed representations it is sought that Primary
Education students systematically develop the concept of number, through the

Acta Sci. (Canoas), 23(1), 170-198, Jan./Feb. 2021 190



identification of symbols and numeric terms, and from the establishment of
relationships between these and various situations; and (2) this group of
preservice teachers acknowledges to be aware of curricular guidelines for the
teaching and learning of mathematics in Costa Rica, in which active
contextualization is presented as “a special pedagogical component”
(Ministerio de Educacion Publica, 2012, p. 17) for posing and solving problems
in real contexts.

In addition, it is evidenced that the provided representations are part of
the theoretical proposals on systems or modes of representation of a
mathematical concept (Castro and Castro, 1997; Rico, Marin, Lupidfiez and
Gomez, 2008; Maz and Rico, 2009; Gonzalez-Ruiz and Molina, 2015).
Independent representations of verbal, symbolic-numeric, symbolic-algebraic,
iconic, and graphic form are identified; other representations combine some of
these forms in order to make explicit what is shown: the concept of number.
Notoriously, the group of participants omits tabular representations to introduce
the concept of number.

Despite the fact that the use of heterogeneous representations is
scarce—consider representations of different forms—most participants (17)
propose at least three different representations that they would employ to
present the concept of number. This could lead to an adequate approach of
presenting the concept of number in the teaching process through the use of
various representation registers. Nonetheless, the use of these varied
representations must be careful and justified, since it constitutes “the threshold
of mathematical comprehension for learners at each stage of the curriculum (...)
[which] depends on the coordination of several representation registers” (Duval,
2016, p. 91). The results of the present study provide information regarding the
treatment that preservice Primary Education teachers give to the concept of
number. This contributes to emphasizing the required diversity of
representation systems associated with mathematical concepts during training
courses.

Finally, some limitations and possible future research within this
subject matter are worth to point out. First, despite having obtained an adequate
number of representations as responses to the questionnaire, it would have been
desirable for the entire group of participants to provide all requested
representations; that is, that item N°3 would have provided at least four
representations in addition to the two representations already obtained from
item N°1. This would have led to a study with a greater diversity of
representations. Second, to emphasize the need to deepen the study of the
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relationships that this group of teachers—and teachers in general—establishes
between representations and the different phenomena that teachers provide
about the concept of number. Furthermore, in a complementary way, one can
inquire about the situations and contexts that teachers propose for the study of
the concept of number and other mathematical concepts, in adherence to the
curricular guidelines issued for the teaching and learning of mathematics in
Primary Education in Costa Rica.
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