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ABSTRACT

Background: The teaching of differential equations is dominated by an
excessively algebraised analytic tradition. For this reason, studies that contribute to
conceptualising mathematical objects associated with the differential equation are
important, particularly the existence and uniqueness theorem. Objectives: From its
genesis, the objective is to analyse the nature of this knowledge, its epistemology from
practice. We give an account of the variational arguments, i.e., based on practices
focused on the study of change, with a predictive purpose, which allows obtaining the
desired result on the differential equation: demonstrating the existence of a unique
solution. Design: A documentary analysis is carried out from the Socioepistemological
Theory of the works that marked the construction of this mathematical knowledge.
Setting and Participants: Being a documentary-cut study, we did not have participants
stricto sensu. Data collection and analysis: Our observation unit includes
mathematical works as primary and secondary sources involved in constructing the
theorem: its postulations, search for hypotheses and proofs. Results: A reconstruction
of the theorem is offered, which from the arguments, characterises some practices that
helped in the construction of mathematical objects. Conclusions: We conclude that the
bounded variation, as a particular way of using change, contributed to the search or
establishment of conditions for the interpretation of the solution of equations and to
obtain a unique solution to the differential equation, contributions that should be key
for implementations of learning situations.

Keywords: Socioepistemology; variation; differential equation; existence;
uniqueness.
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Socioepistemologia del teorema de existencia y unicidad en la ecuacién
diferencial de primer orden

RESUMEN

Antecedentes: La ensefianza de las ecuaciones diferenciales estd dominada
por una tradicion analitica excesivamente algebrizada. Por ello, son importantes los
estudios que contribuyan a la conceptualizacion de los objetos matematicos asociados
a la ecuacion diferencial, particularmente, el teorema de existencia y unicidad.
Obijetivos: Desde su génesis, el objetivo es analizar la naturaleza de este saber, su
epistemologia desde las practicas. Damos cuenta de los argumentos variacionales, es
decir, basados en practicas enfocadas al estudio del cambio, con finalidad predictiva,
que permiten obtener el resultado deseado sobre la ecuacién diferencial: demostrar la
existencia de una solucion Unica. Disefio: Se realiza un andlisis documental desde la
Teoria Socioepistemoldgica de las obras que marcaron la construccion de este saber
matematico. Entorno y Participantes: Al ser un estudio de corte documental, no
contamos con participantes en sentido estricto. Recopilacion y analisis de datos:
Nuestra unidad de observacién incluye trabajos matematicos como fuentes primarias y
secundarias que intervienen en la construccion del teorema: sus postulados, bisqueda
de hipotesis y demostraciones. Resultados: Se ofrece una reconstruccion del teorema,
que a partir de los argumentos se caracterizan algunas practicas que ayudaron en la
construccion de objetos matematicos. Conclusiones: Concluimos que la variacion
acotada, como una forma particular de utilizar el cambio, contribuyd a la bisqueda o
establecimiento de condiciones para la interpretacién de la solucién de ecuaciones, para
obtener una solucion Unica a la ecuacion diferencial, aportes que deben ser claves para
implementaciones de situaciones de aprendizaje.

Palabras clave: Socioepistemologia; variacion; ecuacion diferencial;
existencia; unicidad.

Socioepistemologia do teorema da existéncia e da unicidade na equacéo
diferencial ordinaria de primeira ordem.

RESUMO

Contexto: O ensino de equacdes diferenciais ¢ dominado por uma tradigdo
analitica excessivamente algebrizada. Por esta razdo, estudos que contribuam para a
conceituacdo de objetos matematicos associados a equagao diferencial s3o importantes,
em especial, o teorema da existéncia e da unicidade. Objetivos: A partir de sua génese,
0 objetivo € analisar a natureza desse conhecimento, sua epistemologia a partir da
pratica. Damos conta dos argumentos variacionais, ou seja, baseados em praticas
voltadas para o estudo da mudanca, com finalidade preditiva, que permitem obter o
resultado desejado na equacdo diferencial: demonstrar a existéncia de uma solugdo
tnica. Design: E realizada uma andlise documental a partir da Teoria
Socioepistemologica das obras que marcaram a constru¢do desse conhecimento
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matematico. Ambiente e participantes: Por ser um estudo de recorte documental, ndo
tivemos participantes stricto sensu. Coleta e andlise de dados: Nossa unidade de
observagdo inclui trabalhos matematicos como fontes primarias e secundarias
envolvidas na construgdo do teorema: suas postulagdes, busca de hipdteses e provas.
Resultados: E oferecida uma reconstrugio do teorema, que a partir dos argumentos
caracteriza algumas praticas que auxiliaram na constru¢do de objetos matematicos.
Conclusdes: Concluimos que a variagdo limitada, como uma forma particular de usar
a mudanga, contribuiu para a busca ou estabelecimento de condigdes para a
interpretagdo da solugdo de equacdes, para obter uma solugdo Unica para a equagio
diferencial, contribuigdes que devem ser fundamentais para implementagdes de
situagdes de aprendizagem.
Palavras-chave: Socioepistemologia; variacdo; equagdo diferencial;

existéncia; unicidade.

INTRODUCTION

The existence and uniqueness of the solution corresponds to
characteristics to be studied of some inverse problem, a type of problem known
for determining the causes that lead to obtaining a result in a model or for
determining the model based on a “cause-effect” relation (Martinez-Luaces,
Fernandez-Plaza & Rico, 2019; Korovkin, Chechurin & Hayakawa, 2007; and
Ramm, 2005). The inverse problems are found in several everyday activities
in psychology, medicine, physics, economics, mathematics, and others when
inquiring about the causes or model that allow giving a known effect.

One content review of currently used college books to teaching
differential equations (Fallas-Soto, 2015) addresses the existence and
uniqueness theorem only as a direct problem; that is, it reduced the study of
existence and uniqueness to proving hypotheses and a few techniques for
determining the interval within which the necessary conditions were satisfied
(i.e., the causes and the model are known to determine the effect). An inverse
problem, in contrast, entails a search for the conditions (just how necessary and
sufficient?) that allow the solution to exist and be unique. Thus, we are dealing
with a difference that may not be considered in the comprehension and meaning
of this knowledge in the field of education.

For example, Zill and Cullem (2019) (like Braun (1993), Simmons
(1993), and Zill (1997)) state the theorem of existence and uniqueness of the
solution of the first-order Ordinary Differential Equation (ODE). This says: Let
R be a rectangular region in the xy-plane defined bya <x <b,c <y <d

that contains the point (xg,y,) in its interior (Figure 1). If f(x,y) and Z—f/ are
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continuous on R, then there exists some interval I: (x, — h,x, + h), h > 0,
contained in [a, b], and a unique function y(x), defined on Iy, that is a solution

to the initial value problem Z—i = f(x,y),y(x) = vo.

Figure 1
Rectangular region R. (Zill & Cullen, 2019)
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The previous figure is only an illustration of a consolidated proof of the
theorem. University mathematics — specifically, the teaching of differential
equations— is dominated by an overly-algebraised analytical tradition (Barros
& Kato, 2016; Dana-Picard & Kidron, 2008; Moreno, 2006). On the other hand,
if, as teachers, we could consider a conceptualisation of the geometric focus in
the learning of differential equations and their solution, confront the difficulties
inherent in making long-term predictions, and evidence the role played by
initial values, among other elements (Karimi Fardinpour & Gooya, 2017) we
could favour the learning of this knowledge in our students. The literature has
reported that just like considering procedural mathematics to solve differential
equations, the conceptualisation of the mathematical objects associated with the
equation as a model should also take on importance in the lesson (Artigue, 1992;
Buendia & Cordero, 2013; Camacho-Machin & Guerrero-Ortiz, 2015; Fallas-
Soto & Cantoral, 2016; Morales & Cordero, 2016; Rasmussen, Zandiech, King
& Tepo, 2009; Stephan & Rasmussen, 2002).

Differential equations emerged and developed mainly as predictive
models of the behaviour of certain phenomena of physical movement, with the
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goal of mathematizing nature in Galileo’s sense. Variation and change play
important roles in this phenomena study as they do in its mathematization:
variation encompasses a quantification of change in the variables of a
phenomenon [but] not just any variable [only] those that are causally related
(Cantoral, Moreno & Caballero, 2018).

From the genesis of this inverse problem, the objective is to analyse the
nature of this knowledge, its epistemology (based on practices). Accepting that
school mathematical knowledge is relative, we assure one that the results
obtained will contribute to understanding this subject for its teaching and
learning. We give an account of the variational arguments, that is, based on
practices focused on the study of change, with a predictive purpose, which
allows obtaining the desired result on the differential equation: demonstrating
the existence of a unique solution.

This led us to perform a documental analysis of the ideas in the original
mathematical works that spawned the theorem. We consider a set of reflections
on the essence of this knowledge based on the evolution of its results and the
collection of anecdotes over time that explains the nature of its practices, its
social construction (opportunities and restrictions that emerge when answering
when, where, who and why appear in the construction of that knowledge), and
its institutional diffusion as specialised mathematical knowledge.

Another contribution of this work, and that we will defend during the
development of the reading, is that to study the existence and uniqueness of the
solution of differential equations, a new notion is merited that makes specific
use of the variation establishing conditions as boundaries, on the change in the
functional variables with respect to time. We call this bounded variation.

THEORETICAL BACKGROUND

While the term “constructivism” has a broad range of meanings, it is
deemed to affect students’ learning in educational circles positively. At least
two principal types of constructivism are recognised: cognitive (Piaget, 1976)
and social (Vygotsky, 1986). While both are constructivist in nature, the main
concept we are interested in analysing considers a combination of the two: ideas
are constructed cooperatively through an individual’s experiences in and on the
environment. In this sense, our work is based on principles of cognition (i.e.,
the interiorised actions of the individual exposed to a situation) and the social
(i.e., internalised activities like the rational coordination of an individual’s
actions in response to situations). The Socioepistemological Theory of
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Mathematics Education (STME) holds that these elements are organised
through socially shared practices in the understanding of shared uses and
meanings (that enable the group’s goal when confronting a task, as the most
basic link in this theoretical explanation, since it is normed and maintained
socially, and comprises the rationality of peers) (Cantoral, 2019), that is, an
epistemology of practices.

The organisation of practices happens because of a norm, precisely
when a group creates a language and communicates by itself. According to
Cantoral (2019), this is a socially shared practice where the relationships
between discourse and temporally located knowledge are investigated, thus,
trying to find how, in each practice, the subject and the object of knowledge are
constituted (vision of the norm according to Foucault, taken from (Escolar,
2004)).

Therefore, we do not analyse the proof of the theorem in a paper but
incorporate, as well, the relations among people in each epoch and under certain
circumstances. As Cantoral (2019) pointed out regarding this type of research
problem, a double decentration of the object and its didactic models is required
to focus attention on the practices that aided in their construction.
Metaphorically speaking, the aim is to focus on the process of mathematization
rather than the mathematical result or product.

We begin by considering the four theoretical principles on which the
STME acts, always in an articulated manner, for the social construction of
knowledge (Cantoral, 2019; Cantoral, Montiel & Reyes-Gasperini, 2015):

o Contextualised rationality alludes to the notion that the relationship
with knowledge is a contextual function. This principle allows us
to recognise, privilege, and potentiate diverse types of rationality
related to the reality in which an entity finds her/him/itself or
themselves at a given moment and in each place from which
knowledge will be constructed.

o [Epistemological relativism recognises that the validity of
knowledge is relative to the entity in its cultural group. School
mathematics can be perceived in many ways as being worked,
constructed, or developed, conceiving that the validity of
knowledge is relative to the entity in the cultural group from which
it emerges based on the contextualised rationality that she/he/it
possesses.
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e Progressive resignification holds that meaning is not static but
relative, functional, and contextual. Interaction with diverse
contexts and the evolution of the life of an individual or group will
re-signify the knowledge constructed up to that moment and enrich
it with new meanings.

e  Normativity of social practice is the principle that makes it possible
to achieve the meaning of mathematics through use, proposed in an
organisation of socially-shared practices (the triad of actions,
activities, practices) that are regulated and normed, respectively, by
practices of reference and social practice.

Another theoretical element to consider is the problematizing
mathematical knowledge, characterised by historicization; that is, connecting
with an epistemology situated in the time and study of a social history that
constitutes it, and dialectization it in the confrontation that is necessary for
understanding alternative meanings and rationalities in what is assumed as a
constructed knowledge. The historicization “includes the research on the
sociocultural context of the author at the time the knowledge was developed,
the author’s concerns about the problem that was being solved, the
mathematical work, and a reconstruction of that work” (Hinojos-Ramos, Farfan
& Orozco del Castillo, 2020, p.1163). The dialectization discusses and
dialogues to identify a relativism and rationality of knowledge, significances,
by evidencing differences between scholarly mathematical knowledge and
different scenarios, whether technical, popular, or scientific, accepting
contradictions and confrontations of ideas. In fact, this work corresponds to a
problematization of mathematical knowledge intending to continue growing.

METHODOLOGY

A documentary analysis of the mathematical works that were building
this theorem is carried out, demonstrating conjectures. Each text analysed is a
product with a history (so-called social history) that emerges upon critically
exploring the context in which it was created, viewing it as an object of
diffusion considering the public to which it was directed, pondering a certain
didactic intentionality, and conceiving it as part of a more global intellectual
expression with respect to how it influenced other contexts (Espinoza-Ramirez,
Vergara-Gomez, Valenzuela-Zufiiga, 2018). We also carried out a comparison
of the works closest to the theorem to answer the following questions (Figure
2).
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Figure 2

Comparison of the mathematical works

How was mathematical
knowledge presented?

What was it that What remains
changed from one - unchanged from one
work to another? work to another?

For the question “how was knowledge represented?” we described the
sections that precede and follow the theorem in the relevant mathematical
works. For the questions posed, it was important to locate and analyse the
elements that were maintained and those that changed in each text —or re-
editions— to identify similarities and differences in their respective conceptual
evolutions.

Therefore, a reconstruction of the existence and uniqueness theorem
supported by the visualisation of arguments is provided. The proofs are
presented as direct problems since they are shown as finished products. Still,
the rationality and how the theorem evolved reveal characteristics as inverse
problems by looking for the minimum number of sufficient, but not necessary,
conditions that ensure the existence and uniqueness of solving differential
equations.

In the search for sources, Picard (1886) mentions an important
antecedent that Cauchy and Moigno (1844) established with respect to the
theorem, one later simplified by Lipschitz (1880) (Figure 3).

We also examined Peano’s work since his name appears in university
textbooks about the theorem of existence. The texts that formed our working
material, or unit of study, include the following primary sources and textbooks:

e Cauchy and Moigno (1844), Lecons de Calcul Différentiel et de
Calcul Integral
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e Lipschitz (1880), Lehrbuch der Analysis: Differential und
integralrechnun

e Lipschitz (1868), Disamina della possibilita d'integrare
completamente un dato sistema di equazioni differenziali ordinarie

e Peano (1886), Sull' integrabilita delle equazioni differenziali di
primo ordine

Figure 3
Picard’s recommendation. (Picard, 1886, p. 293)*
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The principles of Socioepistemological Theory are manifested in each
stage of the problematizing of mathematical knowledge. Achieving an adequate
orientation when analysing texts from earlier periods requires contemplating
the context provided by details of the epoch in which they appeared and were
developed to understand the rationality of the authors who created and utilised
those writings (contextualised rationality). This further demands recognising
and accepting the relativity of knowledge — contrary to the absolutism of unique
truths — as an interpretation of mathematics with respect to what we know today
(epistemological relativism). During our examination of these works, supported
by visualisation, we developed a dialectic for confronting evolution (before-
after) and reflected on the arguments that explain both the use and meaning of
knowledge (progressive resignification) that, in the end, help by inferring
practices in the construction of knowledge (normativity of practice).

1 Own translation: It is that Cauchy establishes a very broad analysis that we will not
present here (see lessons on differential and integral calculus by M. Moigno, 1844). Mr.
Lipschitz simplifies Cauchy's analysis somewhat.
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RESULTS AND ANALYSES
Rationality and context of the texts

Behind each work we analysed, there lies a network of contributions
and influences of other people and their texts that impacted the legacy of
knowledge; each text is linked to a very wide network. Figure 4 highlights the
authors who directly influenced the texts we examined and played key roles in
developing the result (i.e., the postulation and demonstration of the theorem) to
identify this conceptual weaving.

Figure 4

Scheme representing relations among mathematicians

Charles Hermite Emile Picard
(1822-1901) (1856-1941)
g S
\

U ; "’, a3 j
o e | \
Genocchi

Angelo Giuseppe Peano
(1817-1889) (1858-1932)

|
Francois-Napoléon Marie Moigno
(1804-1884)

As is well known, Cauchy did not only write books on mathematics;
but also on the French Revolution, socio-political movements in the France of
the 1830s, and, to some degree, on his Jesuit principles (which led him to the
priest, journalist, and mathematician, Moigno, with whom he wrote some
books). This last forced him to abandon the country and go into exile after
refusing to swear loyalty to Louis Philippe I. However, this did not impede him
from continuing to develop his works. His exile led him to Italy, specifically
the University of Turin, where the mathematician Genocchi (a professor of
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Peano, who was not only his student but also an assistant and disciple)
incorporated ideas from his works into his courses on mathematical analysis.

The construction of the mathematical analysis proposed by Cauchy
responded to the mathematical concerns of the German Academy. Certain
features of his work reveal his declared intention to abstain from any historical
reference (showing interest only in Euler’s work) and avoid geometric
examples and the support of analogies of a phenomenological nature in his
procedures (Dhombres, 1985). Cauchy’s approach reformulated the rationality
of mathematical works of the so-called Classical Analysis type, clearly based
on physical phenomena of nature and geometric arguments. This contrasts with
the current practice where algebraic analysis predominates. In books of
Classical Analysis, the mathematization of nature ceded its place to an
algebraization of functions and of the infinitesimals that emerged as useful for
formalisation.

According to the report in Youschkevitch (1981), it was no easy matter
to present new ideas, forms of reasoning, or ways to propose problems of
existence to France’s Council of Public Instruction. One innovative
contribution of Cauchy’s course is that it was the first to include a theorem of
the existence of the solution of general, first-order differential equations,
developed in lessons 26 and 27 in (Cauchy & Moigno, 1844).

Meanwhile, Dirichlet (Lipschitz’ professor), while working on the
series’ convergence under Fourier’s supervision, presented subtle challenges to
Cauchy’s proof (Lakatos, 1980). His work perhaps reflects problems inherited
by German mathematicians from the French School of Mathematics. Dirichlet
also served as an adviser on the doctoral dissertation presented by Lipschitz,
who later resumed on Cauchy’s theorem of existence and uniqueness.

Finally, Hermite, Picard’s father-in-law who lived on the
French/German border, was a close friend of Lipschitz, and the two maintained
an intense correspondence consisting of 148 letters and 9 postcards between
August 19, 1877, and July 14 1900, a few months before Hermite’s death
(Goldstein, 2018). In those missives, Lipschitz shared his work entitled
Lehrbuch der Analysis, to which Picard later referred. This brief history allows
us to infer the existence of a network of collaborations, debates and, finally,
precisions, regarding the theorem that interests us. The following section
presents a rational reconstruction of this network of meanings and procedures.
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Cauchy and Moigno’s work

First, Cauchy and Moigno (1844) considered the equation y' = f(x,y)
with an initial value (x, y,). They hypothesised that the functions f(x, y) and

af . . . . L . i
é will be continuous in the vicinity of the initial value. This aspect requires an

analysis of its rationality to clarify their affirmation. The proof of the existence
of the solution begins with the method that Euler utilised to determine the
solution of differential equations through polygonal approximations to a
solution (Figure 5). In that case, the two practices that predominated were
approximation —to determine numerical values that approach the solution of the
equation— and comparison between one state and a later one, as can be
appreciated below. Attention focused on the form of articulating the
approximation with the comparison to visualise the meaning in the proof of the
theorem. However, the problem of continuity in the hypothesis demands an
even more detailed technical analysis.

Figure 5
Euler’s method. (Cauchy, Moigno, 1844, p. 386)

386 CALCUL INTEGRAL. .
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en dliminant J1s Yaseey Yt 0D obtiendra une valenr de
Y de la forme

Y = F(%g Tiy Zapgeny Znny X.,*_r.._},

The differential equation y' = f(x,y) represents the slope of the
tangent at any given point of the solution, setting out from an initial value
(x0,¥0). Using this value and the slope f(xg, Vo) allow us to determine the
equation of the tangent to the solution that passes through that point (Figure 6).
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Figure 6

First iteration of Eulers method

Yy — Yo = (x — x0) f (X0, ¥0)

——

(>0, ¥0)

This tangent line represents, in Lagrange’s sense, the linear function
that best approximates the curve at the solution point, considering its initial
value. Next, a second point (x;, y;) on the line is chosen, one that is also very
close to (xg, ¥o). Once again, a differential equation is used with this point to
determine the line that passes through (x4, y;) with slope f (x4, y,) (Figure 7).

Figure 7

Second iteration of Euler s method

y—y1 = (x—x)f (x1,51)

(x1,¥1)

Continuing with this method, as many points as are required are
obtained. What is obtained, in fact, is a discrete approximation of the solution
of differential equations if the differences are finite (as in Figure 8) but
continuous if the differences are infinitely small. The prediction comes into
play in this strategy upon asking what will occur in the near future. However,
at this moment, no reflection on the uniqueness of the solution exists, at least
not explicitly. If the values converge, then the limit is a function that is the
solution of the equation. Consequently, if the values do not converge, this does
not imply anything about the existence of the solution, so there might be a
solution for the equation and no convergence with the method.
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Figure 8

nth iteration of Euler s method

y—y1=(x—x)f (x1,¥1)

(xn-lr yn—l)

Figure 9
By applying an infinitely small increment to the initial value

Before applying the infinitely
small increment to y,

(n, ¥n)

(x0, ¥o0)

After applying the infinitely
small increment ¢, to v,

First case Second case
(x‘n.! yn + g‘n) (xnl yn + Qn)
o o .., .
. o -
(x0, Yo + 0) .
(%0, Y0 + S0)

The convergence of the values obtained will depend on guaranteeing
the existence of the solution. Cauchy and Moigno (1844) utilised the infinitely
small (infinitesimal) increase as follows: if an infinitely small increase is made
Go to ¥, then y,, will have an increase of g,,. For this to converge to the desired
solution, the latter increase must be equally small as ¢, and fineness begins on
bounded variation. In contrast, if the infinitely small change, ¢, is applied to
Yo and the change, ¢,, in ¥, is not equally small as ¢y, then Cauchy and
Moigno (1844) affirmed that it would not converge with the solution offered by
the method (see Figure 9). This evidence the role of small variation in the
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analysis of the convergence of the approximation as, for example, the use of
the infinitely small increase in its different orders.

Suppose that, with the change ¢, to y,, the value of y; is affected by
an increase, ¢;. Two equalities are obtained, one without the increase, the other
with Co-

y1— Yo = (x1 — x0) f (x0,¥0)
y1+¢1 — o +60) = (x1 — x0)f (0, Yo + So)

The second equality is subtracted from the first to produce:

¢1 — 6o = (21 — x0)[f (x0, Yo + 60) — f(x0,¥0)]
ar
dy
ensures that the difference is bounded by a constant, M, such that:

[f (x0, Y0 + 60) — f(x0,¥0)] < Mgy

This is where one specific study of variation is evidenced, as bounded
variation appears as a condition on the slopes of tangents to guarantee, in this
case, the convergence and existence of the solution. This is fundamental for
constructing Lipschitz’s condition — discussed below —to ensure the solution’s
uniqueness. As a result of this, we have

Utilising the hypothesis that — is continuous in a closed interval,

¢1— 6o < (x1 - xo)Mgo
Hence
¢1 < c()(l + (xl - XO)M) < coe(xl—xo)M

Where ¢; will be as small as possible, depending on the value of the
difference (x; — xg). This leads to testing for v, and studying the differences
of the y,,, — V;n—1 type for m natural, between 1 and n, where an increase of
¢me*~*mM s attributed to y,,. This proves the convergence of a function y =
F (x), which could be a solution to the equation.

Turning to the test of continuity, the following equalities are taken,
where A is an average of f(x,, y,), while 0,6, and 68, are values between 0
and 1.

Yi—Yo = (x — xo)f(xo + 01 (x1 — X0),yo + OA(x; — xo))

Due to the continuity of the function, f, considered to € infinitesimal,
we have
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f(xo + 61(x1 — x0), Yo £ OA(x; — xo)) < f(x0,y0) + €
Therefore

V1 — Yo < (x1 = x0) f (x0,¥0) + (x1 — x¢)¢

Again, the result depends on the value of the difference x; — x;. Finally,
to prove that the differential equation is satisfied, we use the equality

F(x) = yo + (x —x0)f (x0 + 6(x — %), yo £ OA(x — %))
Where,
F(x+h)=yo+ (x+h—x0)f(xg+0(x +h—x0),y0 £ 0A(x + h — x))
Concluding that
F(x+ h) —F(x) = hf(xq + 0h,y, + OAh)
Which is equivalent to

F'(x) = f(x,F(x))

Thus, the differential equation is satisfied. In conclusion, Euler’s
method guarantees the existence of a continuous solution by means of
approximation.

Peano’s work

Peano (1886) utilised small variations, but in another direction, by
employing a double inequality. The existence of a solution can be proven using
differential inequalities (y' < f(x,y) and y' > f(x,y), with the help of the so-
called super- and sub-solutions. Peano’s main proposal was to determine a
solution Y; that bounds superiorly to the solution Y of the differential equation;
with a solution, Y,, that bounds inferiorly to the solution Y. However, this
argument is insufficient to guarantee the uniqueness of the solution, though it
does bound it.

For the differential equation y' = f(x,y), he considers the hypothesis
that the function f(x,y) is continuous with the initial value (a,b). Like
Cauchy and Moigno’s (1844) procedure, the Euler method was used, but in this
case, it was based on constructing lines with slopes greater (super-solutions) or
lesser (sub-solutions) than the tangent lines. For the case of the super-solutions,
this assumes the existence of a p’ greater than f(a, b); thus, obtaining a line
with a slope greater than that of the tangent line (see Figure 10).
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Figure 10
Line with a slope greater than the tangent line at the first point

y—b=x-a)y
/ —
— y—b=(x-a)f(ab)

(a,b)

After that, a point (a’, b") on the line with slope p’ near the initial value
is taken. The line with slope f(a’,b") is determined with this new point, and
another value, p"' > f(a',b"), is considered to bind the approximation
superiorly (see Figure 11).

Figure 11
Line with a slope greater than the tangent line at the second point

(@', b")

e
(I
Sl
I
®RR
(I
2 Q
o
<
~ I
n‘-
o
~—

Next, using the line with slope p”', the point (a’’, b'") is obtained near
the point (a’, b"). This method is repeated to ensure that the infimum of the
super-solutions corresponds to a function Y;. A similar procedure is applied to
determine the sub-solutions, assuming lower values for the slope than f(a, b).
This permit the construction of the function Y, as the supremum of the sub-
solutions. Peano later demonstrated that both ¥; and Y, are solutions of the
given differential equation. Suppose then that Y; = F(x) and that
f (xo, F(x0)) = m for x,, a specific value of x. This shows that F'(x) is equal
to m to satisfy the differential equation. The function ¢(x) = F(x,) +
(x — xg)(m — €) is constructed with a positive ¢ that is sufficiently small for
the line y = b + (x — a)p’ with p’ > m to be greater than ¢ (x) and, since ¥;
1s the inferior limit of these lines, we have

Y; = F(x) > @(x) = F(xo) + (x — x¢)(m — €)

Therefore
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F(x) — F(x,)
—_—>m
X — X

— &

(1)

Finally, the function ©Y(x) = F(xy) +6+ (x —xo)(m+¢€) is
constructed with § and an € that is positive and infinitely small. Upon

performing the subtraction % — f(x,4¥) we obtain
m+e—f(x,F(xg) +8 + (x —xp)(m + ¢))

Which represents a positive quantity. Therefore, % > f(x,y) and,

since F(x) is the lower limit that satisfies that condition, F(x) < F(x) + 6§ +
(x — xg)(m + ¢€); hence

F(x) < F(xp) + (x —xg)(m+¢)
That is

F(x) — F(x,)
—<m
X — X

+ &

2)

Due to conditions (1) and (2), we see that F'(x) = m satisfies the
differential equation. The same procedure is followed analogously for Y,.

Lipschitz’s work

The Lipschitz’s contributions (1868, 1880), the proposal is that a
function f(x, y) satisfies the condition

If(h k) = f(hDI <M |k —1]

Where M is currently known as the Lipschitz constant, and the
bounded variation corresponds to the limits placed on the change and what it
implies in the model, concluding that this condition is sufficient, but not
necessary, for guaranteeing the existence and uniqueness of the solution.
Lipschitz contemplates this condition in his works (1868, 1880) and deepens
Cauchy’s method for systems of differential equations. As shown above,
Euler’s method is utilised assuming that the differential equation y' = f(x, y)
with initial value (xq, yo) has two solutions; hence, there would be two possible,
but clearly different, paths of the tangent lines being determined, though
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Lipschitz’s condition restricts this so that only one path can exist for these
tangents. The solution, then, has uniqueness.

Figure 12
Lipschitz s condition. (Lipschitz, 1880, p.501)

Stetigkeit einer Function einer Variable gemacht wurde; der
Kiirze halber werde der absolute Werth einer Grisse w durch
das Zeichen [w] ausgedriickt. Es sollen der absolute Werth
von (2) und von (8) die Eigenschaft haben, falls fir eine hin-
reichend kleine Grisse J die Ungleichheiten

(4) [42] <8, [dy]<<3,[de] <6

erfillt sind, immer unter dieselbe beliebig kleine Grisse A
herabzusinken, oder die Ungleichheiten

(8) [fx+dz,y+dy,2+ 45)—[(z,y,8)] <,

(6) (9(z+dz,y+ Ay, 8+ 45) — g(z,9,2)] <2

zu befriedigen. Eine andere Voraussetzung, welche ebenfalls
bei den erfahrungsmissig vorkommenden Functionen in der
Regel erflillt ist, bezieht sich auf die Differenzen (2) und (8) bei
je zwei der Mannigfaltigkeit A angehtrenden Werthsystemen,
in denen' der Werth der Variable z derselbe oder 4z gleich
Null ist; sie besteht darin, dass es endliche positive Constanten
€17 €192 Cayy € Ei€bt, fiir welche die Ungleichheiten

(7) [f(a:,y+dy,s+_45)—f(a:,y,.e)]<c,,[dy]+cl,[d.e],
8) [9@y+dy, e+ d8)— g(x,y,8)] <oy, [dy]+ ¢y [ 2]

One interpretation of this problem is that if an infinitely small change
is applied to the value y,, then the difference between the slopes (before and
after applying the change) will be bounded. An example of non-uniqueness is
often used to visualise the fact that Lipschitz’s condition is not satisfied. As an
additional datum, consider the following example, given by the differential

1

equation y' = y3 with initial value x, = 0 and y, = 0. At least two solutions
are obtained, whose analytical expression is as follows:
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Thus, the solution is not unique for this initial value. If we apply Euler’s
method in a specific case, supposing a difference of 0.001 between x,,, and
Xm+1 (With m between 0 and n as the number of iterations) and considering the
initial value (0,0), the solution obtained is y = 0. In contrast, if we consider
the initial value (0,0 + ¢) with ¢ sufficiently small (for this case, we consider a

¢ =0.0001), then the solution tends towards y =§ §x3 (Figure 13). For

example, this differential equation satisfies Peano’s hypothesis; however,
uniqueness is not satisfied.

Figure 13

Numerical approximations of the solution of differential equations around
(0,0), given by Euler’s method

Solution with y, = 0 | Solution with y, = 0.0001

aaaaaaa

What happens here is that, from the first iteration, considerable changes
are obtained in the slope of the tangent in each approximate value. Therefore,
the property of bounded variation is not satisfied; that is, for two infinitely close
initial conditions, the behaviour of each solution should be virtually the same,
with no singularities, as it is part of the sensitivity of the initial value.

Figure 14

The existence of the two solutions for one equation
(%0, ¥0) ¥ — Yo = (x — x0)f (X0, ¥o)

¥ —1no = (x — x0)f (X0,70)
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Consider, for example, the point (xy, ¥o) and another infinitely close
point (xg,no), such that ny = yo + ¢¢, with ¢, being infinitely small. Using
these initial values, lines can be determined for each point (as in Figure 14):

Yy — Yo = (x — x0) f (X0, ¥0),
y =1 = (x — x0) f (x0,70)
As shown in the representation in Figure 14.

Upon studying the difference between these two sufficiently close
initial line values, we see that their slopes differ, as |f(xq, 1) — f (%0, Yo)|. As
a result, by satisfying Lipschitz’s condition, these differences for each
determined point are bounded by

|f(xn' nn) - f(xnr yn)l < er’n - ynl

Where the value of M can be obtained by determining a limit of Z—; If

the value of the change ¢, = n,, — v, is infinitely small as ¢,, then we have
| f (e, 1) — f(x, y)|is infinitely close to zero, a sufficient condition for
obtaining a unique inclination of the lines for values that are very close. If
Lipschitz’s condition is not satisfied, uniqueness cannot be guaranteed. With
f(x,y), a continuous Lipschitz function, existence and uniqueness are ensured
about the initial value. This is another example of the role that the study of
bounded variation plays and could provide the basis for didactic designs
suitable for university students.

The dialectic between university knowledge and knowledge in use
in the mathematical texts analysed

Studies of this kind make it possible to develop the dialectic between
institutionalised knowledge and knowledge situated at a certain moment of its
historical-conceptual evolution, which in the present case corresponded to its
genesis. In institutionalised university knowledge, the theorem is presented, as
we have shown, as a direct problem that consists in proving a hypothesis. For
the meaning of the theorem as knowledge in use, in contrast, we set out from
its genesis, presenting it as a product of studying an inverse problem, namely,
determining the conditions for ensuring the existence and uniqueness of the
solution. The first approach reflects efforts to “massify” higher education,
where knowledge is often presented as if finished due to the enormous amounts
of content to be studied. The following table displays a synthesis of the use of
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the mathematical objects involved in demonstrating the theorem for the
differential equation y' = f(x,y) with initial value (xg,y,). One column
shows university knowledge, the other its genesis.

Table 1

The dialectic between university knowledge and knowledge in use in the
mathematical texts analysed

Knowledge from its

Object University knowledge .
genesis
Analytic expression that Signification of the
corresponds to the derivative of the solution.
f(x,y) derivative Change, the slope of the
(operationally) of the tangent at each point of the
solution. solution.
Application of infinitely
Determine a specific small changes to the initial
Initial value solution or interval that value to compare the
(x0,¥0) satisfies the hypothesis approximations to the
with the initial value. solution of initial values
that are “very” close.
Lipschitz’ Corroborate satisfaction Search for conditions that
condition, or of the conditions with  Snsure a behaviour and the
continuity of the e differential equations existence and uniqueness of
functions the solution.

of
f(x,y) and -

Numeric
method

given and the initial

value established. Counterexamples to prove

the hypothesis (abduction).
Picard’s iterative

successions method is Used Euler’s method to
used, which, in its approximate the unknown
convergence, helps (solution) to what is known
determine an analytic  (line constructed based on a
expression of the point and a slope).
solution.

Based on its genesis and the role of visualisation in reconstructing the
theorem, this knowledge makes it possible to identify practices associated with
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the search for a hypothesis that ensures the existence and uniqueness of the
solution of differential equations and then demonstrates it. The practices shown
in the following table were not obvious because they were blocked or concealed
by the discourse of school mathematics.

Table 2

The role of practices in constructing and demonstrating the theorem of
existence and uniqueness

Practice Characterisation

Role in demonstrating the
theorem

329

Obtain a result as close as
desired to the exact value,
conserving control over
closeness.

Approximate

Associated with the action
of establishing differences
between proximal states.
At least two states are
used when comparing.

Compare

Making judgments about
something based on the
information obtained, in
this case, for predictive
purposes by building
conditions to obtain a
result

Conjecture

Construction of
affirmations with
rationality that indicate
that certain events are
going to occur.

Predict

This practice appears in
using the numerical method
to approximate the solution

of linear differential
equations when an initial
value is known.

In this case, it appears as the

way to analyse the solution

before and after applying an

infinitely small change from
initial values.

This practice appears in the
study of limits on the
change, intending to

establish a hypothesis that

ensures the existence and
uniqueness of the solution of
the differential equation.

Construction and proof of
the theorem to use it as a
predictive model, continuing
with the discovery of the
subject.
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The present study characterises specific forms of using change, where
it is necessary to limit a difference of the first order of variation; that is, to limit
f(xo,¥0 + 60) — f (%0, Vo), when (xg, y,) is the initial value given, and ¢ is
the infinitely small change. Variation corresponds to a study, interpretation, and
quantification of the change that runs from building a differential equation to
determining its solution. In the meaning, comprehension, and use of the
solution, especially, small variation is evidenced as the study of what a small
change (from a relativist view) can cause, and bounded variation as the study
of establishing limits on change and obtaining a desired result or explain the
result obtained.

Small variation offers a dynamism of the initial value that, occasionally,
is used only to obtain a specific solution. Comparing specific solutions provides
a global understanding of the family of solutions of differential equations. This
study of small variation is contemplated within bounded variation for the
construction and meaning of Lipschitz’s condition, as was evidenced in the
reconstruction of the theorem. Above all, “small variation” is relative according
to the context used.

CONCLUSIONS

This study, from an STME perspective, broadens our knowledge of the
theorem of the existence and uniqueness of differential equations and gives a
plausible meaning that requires only ideas of calculus but, above all, shows the
type of practices that come into play to justify it; on the one hand, existence,
on the other, perhaps more complex, uniqueness. These findings are the fruits
of an adequate problematization of mathematical knowledge.

By studying the conceptual framework of the theorem, we reflect on
the complexity of conducting research in the history of mathematics. Many
times, the facts are presented linearly according to the chronology. Still,
particularly in this study under the socio-epistemological approach, the careful
study that social interactions entail until turning them into cultural heritage is
evident.

In the field of Mathematics Education, conceptual history is studied
through these works based on a social construction (study of situated and shared
practices). This contributes to reflections on the teaching and didactics of these
topics. The aim is not to reproduce history but to extract those elements that,
specifically in this paper, are reported through results to reflect on a change of
relations with knowledge. The role of the mathematical object as knowledge
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from its genesis (Table 1), and the role of practice in demonstrating the theorem
(Table 2), are characteristics used for other activities of human knowledge
(popular, technical, scientific) that could be developed at various educational
levels. Not only in the field of differential equations but also, for example, in
the study of the back-and-forth trajectory of drones, the emptying of recipients,
or medical situations, among many others.

These results reveal diverse rationalities that function in designing
learning situations for differential equations or, more generally, for studying
change in inverse problems. Reconstructing these meanings contributes to
understanding the theorem of existence and uniqueness from a variational
perspective —visual, numerical, and analytic— in addition to the algebraic
approach that predominates in university textbooks and the mathematical works
analysed.

One fundamental result consists in constructing this theorem and
demonstrating it as a bridge between two practices of reference: the
mathematization of nature and formalised mathematical theorisation, where it
is institutionalised as one of the most important theorems of differential
equations. In this regard, two events that brought about and explained the
genesis of this problem were: (i) searching for a formalisation of the
demonstration of the theorem and (ii) determining the minimum number of
hypotheses that guarantee existence or even existence and uniqueness.

One well-known issue in the teaching of differential equations involves
thinking of them as a set of algebraic methods that help integrate and determine
a solution; that is, integration is used as an inverse method to derivation to
obtain solutions. Aided by historization, we showed that demonstrating this
theorem can be approached through variations and is easier to understand or
more intuitive. We further showed that it is possible to obtain variational
arguments to determine its solution from the equation, together with the visual
interpretation of the differential equation as an inverse problem of the tangent
to the given curve, which generated more visual representations and arguments
of the variational type.

The use of visualisation with the structure of the inverse problem
revealed the importance of the initial value in differential equations (existence)
by establishing conditions for the change to obtain the desired solution
(convergence of the solution and uniqueness). That visual reconstruction
showed Euler’s method’s role in approaching the unknown solution and the role
of change in the initial values (small variations) for a first approximation to the
solution. This gave meaning to differential equations by treating the derivative
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as the slope of the tangent line of the desired solution, which could be called
the local linearization of the solution.

Therefore, the original contribution of this investigation lies in its use
of bounded variation. The study of change and variation was insufficient to
construct the notion of the uniqueness of the solution. Hence, and considering
the problematics of studying the nature and epistemology of this knowledge,
we proved that bounded variation contributed to the search for, or
establishment of, conditions for the study of change and variation in the
interpretation of the solution of differential equations, to obtain an adequate
solution with a predictive goal — conditional (conjecture) — thus avoiding the
diversity of possible solutions to the problem. A future study will focus on
testing these ideas by designing a didactic intervention for university students.
This will include designs appropriated from their profession, where the inverse
nature of the problem is the centre of the design that will demonstrate the use
of the existence and uniqueness of the solution of differential equations that
characterise the phenomenon. That is another story, though.

AUTHORS’ CONTRIBUTIONS STATEMENTS

RFS and RCU conceived the presented idea. RFS developed the theory.
RFS and RCU adapted the methodology to this context, created the models,
performed the activities, and collected the data. RFS analysed the data. All
authors actively participated in the discussion of the results, reviewed and
approved the work.

DATA AVAILABILITY STATEMENT

The data supporting the results of this study will be made available by
the corresponding author, RFS, upon reasonable request.

REFERENCES

Artigue, M. (1992). Functions from an algebraic and graphical point of view:
cognitive difficulties and teaching practices. In The concept of
function: aspects of epistemology and pedagogy (pp. 109-132).
Mathematical Association of America.

Acta Sci. (Canoas), 24(6), 307-337, Nov./Dec. 2022 332



Barros, M., & Kato, L. (2016). O Ensino das Equacdes Diferenciais em
Livros Didaticos Adotados para os Cursos de Engenharia : um estudo
a luz das mudancas de dominios e dos registros de representacées
semidticas. Revista Ensino de Ciéncias, 7(1), 19-38.

Braun, M. (1993). Differential Equations and their Applications. Springer.

Buendia, G., & Cordero, F. (2013). The use of graphs in specific situations of
the initial conditions of linear differential equations. International
Journal of Mathematical Education in Science and Technology,
44(6), 927-937. https://doi.org/10.1080/0020739X.2013.790501

Camacho-Machin, M., & Guerrero-Ortiz, C. (2015). Identifying and exploring
relationships between contextual situations and ordinary differential
equations. International Journal of Mathematical Education in
Science and Technology, 46(8), 1077-1095.
https://doi.org/10.1080/0020739X.2015.1025877

Cantoral, R. (2019). Socioepistemology in Mathematics Education. In
Encyclopedia of Mathematics Education. https://doi.org/10.1007/978-
3-319-77487-9 100041-1

Cantoral, R., Montiel, G., & Reyes-Gasperini, D. (2015).
Socioepistemological program of mathematics education research: the
Latin Americas case. Revista Latinoamericana de Investigacién En
Matematica Educativa, 18(1), 5-17.
http://dx.doi.org/10.12802/relime.13.1810

Cantoral, R., Moreno-Durazo, A., & Caballero-Pérez, M. (2018). Socio-
epistemological research on mathematical modelling: An empirical
approach to teaching and learning. ZDM - Mathematics Education,
50(1-2), 77-89. https://doi.org/10.1007/s11858-018-0922-8

Cauchy, A., & Moigno. (1844). Lecons de Calcul Différentiel et de Calcul
Integral. Libraire de Ecole Polytechnique.

Dana-Picard, T., & Kidron, 1. (2008). Exploring the Phase Space of a System
of Differential Equations : Different Mathematical Registers.
International Journal of Science and Mathematics Education, 6, 695—
717. https://doi.org/10.1007/s10763-007-9099-2

Dhombres, J. (1985). The origins of Cauchy’s rigorous calculus. Historia
Mathematica, 12(1), 86-90. https://doi.org/10.1016/0315-
0860(85)90078-3

333 Acta Sci. (Canoas), 24(6), 307-337, Nov./Dec. 2022


https://doi.org/10.1080/0020739X.2013.790501
https://doi.org/10.1080/0020739X.2015.1025877
https://doi.org/10.1007/978-3-319-77487-9_100041-1
https://doi.org/10.1007/978-3-319-77487-9_100041-1
http://dx.doi.org/10.12802/relime.13.1810
https://doi.org/10.1007/s11858-018-0922-8
https://doi.org/10.1007/s10763-007-9099-2
https://doi.org/10.1016/0315-0860(85)90078-3
https://doi.org/10.1016/0315-0860(85)90078-3

Escolar, C. (2004). Pensar en/con Foucault. Cinta Moebio, (20), 93-100.

Espinoza Ramirez, L., Vergara Gémez, A., & Valenzuela Zufiga, D. V.
(2018). Geometry in everyday practice: the measurement of
inaccessible distances in a text of the XVI century. Revista
Latinoamericana de Investigacion En Matematica Educativa, 21(3),
247-274. https://doi.org/10.12802/relime.18.2131

Fallas-Soto, R. (2015). Existencia y unicidad: estudio socioepistemologico de
la solucion de las ecuaciones diferenciales ordinarias de primer
orden. [Master dissertation, Centro de Investigacién y de Estudios
Avanzados del Instituto Politécnico Nacional].
https://doi.org/10.13140/RG.2.1.1265.6485

Fallas Soto, R., & Cantoral, R. (2016). Estudio socioepistemolégico del
teorema de existencia y unicidad em las ecuaciones diferenciales
ordinarias. Histemat, 2(3), 256-280.

Goldstein, C. (2018). Hermite and Lipschitz: A Correspondence and Its
Echoes. In: Borgato M., Neuenschwander E., Passeron 1. (eds)
Mathematical Correspondences and Critical Editions. Trends in the
History of Science. Birkhduser. https://doi.org/10.1007/978-3-319-
73577-1 10

Hinojos-Ramos, J., Farfan, R., & Orozco-del-Castillo, M. (2021). An
alternative to broaden the school-promoted meanings of mathematics
in electrical sciences from socioepistemology. International Journal
of Mathematical Education in Science and Technology, 52(8), 1161-
1174. https://doi.org/10.1080/0020739X.2020.1741710

Martinez-Luaces, V., Fernandez-Plaza, J. A., & Rico, L. (2019). Inverse
Modeling Problems in Task Enrichment for STEM Courses. In K. G.
Fomunyam (Ed.), Theorizing STEM Education in the 21st Century.
IntechOpen. https://doi.org/10.5772/intechopen.89109

KarimiFardinpour, Y., & Gooya, Z. (2017). Comparing Three Methods of
Geometrical Approach in Visualizing Differential Equations.
International Journal of Research in Undergraduate Mathematics
Education, 4(2), 286-304. https://doi.org/10.1007/s40753-017-0061-6

Korovkin, N. V, Chechurin, V. L., & Hayakawa, M. (2007). Inverse Problems
in Electric Circuits and Electromagnetics. Springer.

Acta Sci. (Canoas), 24(6), 307-337, Nov./Dec. 2022 334


https://doi.org/10.12802/relime.18.2131
https://doi.org/10.13140/RG.2.1.1265.6485
https://doi.org/10.1007/978-3-319-73577-1_10
https://doi.org/10.1007/978-3-319-73577-1_10
https://doi.org/10.1080/0020739X.2020.1741710
https://doi.org/10.5772/intechopen.89109
https://doi.org/10.1007/s40753-017-0061-6

Lakatos, 1. 1980. Cauchy and the continuum: the significance of nonstandard
analysis for the history of mathematics. In G. C. J. Worall (Ed.),
Mathematics, science, and epistemology. Cambridge University Press.

Lipschitz, R. (1868). Disamina della pknossibilita d” integrare completamente
un dato sistema di equazioni differenziali ordinarie. Annali Di
Matematica Pura Ed Applicata, 2(2), 288-302.

Lipschitz, R. (1880). Lehrbuch der Analysis. Von Max Cohen & Sohn.

Morales, A., & Cordero, F. (2016). La graficacion - modelacion y la Serie de
Taylor. Una socioepistemologia del Calculo. Revista
Latinoamericana de Investigacion En Matematica Educativa, 17(3),
319-345. https://doi.org/10.12802/relime.13.1733

Moreno, J. (2006). Articulation Des Registres Graphique et Symbolique Pour
I’ Etude des Equations Differentielles avec Cabri Geometre. Analyse
des difficultés des étudiants et du rdle du logiciel. [Doctor
dissertation, Université Joseph Fourier, Grenoble I]. HAL.
https://tel.archives-ouvertes.fr/tel-00203681

Peano, G. (1886). Sull’ integrabilita delle equazioni differenziali di primo
ordine. Atti Della Reale Accademia Delle Scienze Di Torino, 21, 437—
445,

Piaget J. (1976) Piaget’s Theory. In: Inhelder B., Chipman H.H., Zwingmann
C. (eds) Piaget and His School. Springer Study Edition. Springer.
https://doi.org/10.1007/978-3-642-46323-5_2

Picard, E. (1886). Cours D’ Analyse. Faculté des Sciences de Paris.

Ramm, A. G. (2005). Inverse problems: Mathematical and analytical
techniques with applications to engineering. In A. Jeffrey (Ed.),
Inverse Problems: Mathematical and Analytical Techniques with
Applications to Engineering. Springer.
https://doi.org/10.1007/b100958

Rasmussen, C., Zandieh, M., King, K., & Teppo, A. (2009). Mathematical
thinking and learning advancing mathematical activity: a practice-
oriented view of advanced mathematical thinking. Mathematical
Thinking and Learning, 7(1), 51-73.
https://doi.org/10.1207/s15327833mtl0701

Simmons, G. (1993). Ecuaciones Diferenciales con Aplicaciones y Notas
Historicas. Mc Graw Hill.

335 Acta Sci. (Canoas), 24(6), 307-337, Nov./Dec. 2022


https://doi.org/10.12802/relime.13.1733
https://tel.archives-ouvertes.fr/tel-00203681
https://doi.org/10.1007/978-3-642-46323-5_2
https://doi.org/10.1007/b100958
https://doi.org/10.1207/s15327833mtl0701

Stephan, M., & Rasmussen, C. (2002). Classroom mathematical practices in
differential equations. Journal of Mathematical Behavior, 21(4), 459—
490. https://doi.org/10.1016/S0732-3123(02)00145-1

Vigotsky, L. (1986). Though and Language. MIT Press.

Youschkevitch, A. P. (1981). Sur les origines de la « méthode de Cauchy-
Lipschitz » dans la théorie des équations différentielles ordinaires.
Revue d’histoire Des Sciences, 34(3-4), 209-215.
https://doi.org/10.3406/rhs.1981.1766

Zill, D. (1997). Ecuaciones Diferenciales con Aplicaciones. Iberoamérica.

Zill, D., & Cullen, M. (2019). Differential Equations with Boundary-Value
Problems. Brooks/Cole Cengage Learning.
https://doi.org/10.1017/CB0O9781107415324.004

Acta Sci. (Canoas), 24(6), 307-337, Nov./Dec. 2022 336


https://doi.org/10.1016/S0732-3123(02)00145-1
https://doi.org/10.3406/rhs.1981.1766
https://doi.org/10.1017/CBO9781107415324.004

